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SUMMARY

Alocal mode Fourier analysis is used to assess the suitability of the SIMPLE pressure-correction algorithm to
act as a smoother in a multigrid method. The necessary ellipticity of the Navier—Stokes equations and their
discrete representation are established. The theoretical analysis is compared with practical results.
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INTRODUCTION

In a companion paper Sivaloganathan and Shaw! present an efficient non-linear multigrid
procedure for the incompressible Navier—Stokes equations. The underlying smoothing method
used is the SIMPLE pressure-correction algorithm of Patankar and Spalding.? It is found
empiricalily that this method has satisfactory smoothing properties over a wide range of Reynolds
numbers. The method reduces high-frequency error components sufficiently to enable the
construction of a multigrid method which exhibits grid-independent convergence rates.

The aim of the present paper is to confirm these results by means of a Fourier analysis of the
SIMPLE algorithm. Such an analysis is justified in the context of a multigrid smoother, since we
are interested only in the high-frequency error reduction and these errors have a small domain of
influence. The analysis presented in this paper is readily extended to include other pressure-
correction methods such as SIMPLER and SIMPLEST.

The existence of iterative methods with good error-smoothing properties depends upon the
ellipticity of the discrete representation of the partial differential equations in question. This in turn
is dependent on the ellipticity of the continuous system. For this reason the paper begins by
establishing that both the incompressible Navier—Stokes equations and their discretization—as
described in Sivaloganathan and Shaw!-—are elliptic.

It is found that the practical behaviour of the iteration is well modelled by Fourier analysis and
that the SIMPLE algorithm has good smoothing properties.

CONTINUOUS AND DISCRETE ELLIPTICITY

In this section we establish the ellipticity of the continuous and discrete systems of equations under

consideration. Ellipticity of the continuous system is meant in the sense of Douglis and Nirenberg,?

while the definition of Thomée* motivates the application to the discrete approximation.
Brandt and Dinar® generalize this concept of discrete ellipticity and discuss its importance in the
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Fourier analysis of smoothing methods. Their approach is followed in this paper. Asillustrated by
Shaw,® the discrete ellipticity of a discretization is a necessary condition for the existence of a
smoothing method.

Continuous ellipticity

The Navier—Stokes equations for the steady incompressible flow of a Newtonian gas may be

written as
R B S
) a5 )
Q(%u +66Lyv 0, (1¢)

where x, y denote the co-ordinate axes and u, v the components of the velocity in these directions;
p denotes the static pressure, p the density and u the viscosity; p and u are assumed to be
given functions of x, y only.

A linearization of (1) is obtained by freezing p, u at p,, u, respectively, and velocities u, v,
where they contribute to non-linear terms, at u,, v, respectively. For simplicity it is assumed
that p,, o, Ug, ¥ are constants. The linearized system may then be written as

[ 2 o 3 ﬂ N
_ I I < 0
¢ “0(2ax2 ¥ 6y2> Hoax by x| |
PE: 2 2\ @
- _— —_ 5 5 e = 0
I’LO ax ay c :u0<2ay2 + axz) ay 2 + (2)
d 0
2 g 0 | 0
| dx dy i Lp_ L

where the linearized convective operator

0 d
Cc= p0<u05; + 005>. (3)

For the purposes of this paper, non-linear systems of equations will be considered to be elliptic if
the linearized equations are elliptic for any choice of the frozen values py, g, Uy, . For brevity we
denote system (2) as

Lq=0, @

where L is a linear operator and q = (u, v, p)" is a state vector. The Fourier transform LofLis given
by

R ¢+ po(20 4+ 03) 06,0, 16,
L= u,6,0, E+ (203 + 63) 16,1, (5)
i0, if, 0

where ¢ = pgi(uo, + vo8,) is the Fourier transform of ¢ from (x, y) into (6, 8,). L is known as the
symbol of L.
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Ellipticity of (1) in the sense of Douglis and Nirenberg® depends on the regularity of L for
0=09,,6,)" not equal to 0. To investigate the ellipticity of the system, we consider the
determinant L of L:

L=det L = (0% + 03)[1o(03 + 03) + poi(uod; + 0o8,)]. (6)

The system (4) is defined to be elliptic if L is non-zero for all real @ not equal to 0. Clearly
this is the case for all non-zero u, and hence the linearized problem (2) is elliptic. Thus the
non-linear problem (1) is considered also to be elliptic.

Defining the Reynolds number as Re = p,(u3 + v3)1/2/uy, we note that for highly convective
regimes, for which the Reynolds number is large, ellipticity is most nearly lost for lines in the (6, 0,)
plane perpendicular to a local streamline.

Discrete ellipticity

In this section we demonstrate the ellipticity of the discretization of equations (1) described
by Sivaloganathan and Shaw.! Before doing so we define discrete ellipticity in the sense of
Thomée* and Brandt and Dinar.?

Symbols and ellipticity measures of Toeplitz operators

Consider the discretization of a constant-coefficient linear partial differential equation on a
regular two-dimensional infinite grid of mesh length h. This yields an infinite-order banded matrix
L, with constant elements. Matrices of this type are termed ‘Toeplitz’ matrices (see Hemker”).

Let L, be a Toeplitz matrix. The symbol L,(8) of L, is defined by

L, exp (i0-x/h) = L, (0) exp (18- x/h), )

where 0=(0,,0,)eR?> and 0-x/h=(0,x + 60,y)/h; hence I:,,(G) is the discrete Fourier
transform of L,,.

Thomée* defines L, to be elliptic if L,(0) > 0 and also gives a stronger definition which ensures
consistency of the discrete approximation. Brandt and Dinar® point out that formally elliptic
discretizations may behave very badly for particular values of the step length h. This observation
motivates the following definitions.

The ‘h-ellipticity measure’ of a Toeplitz matrix L, is defined to be

L)
Eh(Lh)—;:l; T (8)
where .
|Ly| = sup |L,(0)], ©
6eF

F =[—=, n]* is the set of all Fourier frequencies and # = F /(— /2, n/2)* is the set of
‘high’ frequencies.

The Toeplitz operator L, is said to be a-elliptic if E,(L,) is bounded above zero.

A discretization is said to be h-elliptic if the Toeplitz operator derived by defining it on a regular
infinite grid is h-elliptic.

Generalizations

(i) Variable coefficients. If the discretization has spatially variable coefficients, it is said to be
h-elliptic if it is so for each set of values of the coefficients.
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{ii Non-linear problems. A non-linear discretization is said to be h-elliptic if its linearization
about any solution is k-elliptic.

(iii) System of equations. For a system of s partial differential equations, the symbolis an s x s
matrix. In this case one may work with the determinant of the symbol of the discrete operator.

Other definitions are possible. For details of these, and for further generalizations of the concept
of discrete ellipticity, see Brandt.® This publication also illustrates the relationship between
h-ellipticity and the familiar continuous ellipticity.

The discrete Navier—Stokes equations

Sivaloganathan and Shaw! described a finite volume discretization of the system (1) on a
staggered MAC grid as depicted in Figure 1. In this section we investigate the ellipticity of this
discretization applied to the linearized problem (2). With reference to Figure 1, the resulting
discrete equations on an infinite uniform grid of mesh length h are

as — Uodidh O3 |1 u, 0
Ligy=| —1e030;  aj o {lun [=] 0| (10)
5 & 0|l |0

where u,, v, p, are grid functions approximating u, v, p on the infinite regular grid. The component
operators of L, are defined by equations (5)—(8) of Sivaloganathan and Shaw* with p, u, u, v frozen
at pg, fo, U, Uy TESPECtively.

Using these definitions, the symbol L,(8) of L, is easily found to be

R a;(6) 4piosysy/h*  2isy/h
L,= | 4posisy/h®  d5(0) 2is,/h |, (11)
2is,/h 2is,/h 0
where
. 452 2p 1 452 Uo 1
a,,(O)=71max<70,2[pouol)+—h%max<7:3,§lpovol
. Po ) .
—17(140 sind, + vgsind,), (12)

. 4532 2u 1 452 1
dp(0) = _hi max (TO’E !Po%f) + ‘# max (Hhﬁ’i ‘Po“o‘)
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Figure 1. Staggered MAC grid
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—4%fmognel+uogneg, (13)

s; = sin(6,/2), 5, = sin(6,/2).
The determinant L,(0) of L,(9) is therefore

L,(8) = 4[5344(6) + 57 45(0) — 8157 53 /h2 1/h2. (14)
Thus 5
Im(L,(8)) = —4po(s? + s2)(uysin 8, + vy sin 0,)/h3, (15)
which is zero along lines vo/uy = — sin8,/sinf,.
Since
Re(23(6)) > 4uo(257 + s3)/h7, (16)
Re(@4(8)) = 4po(253 + s1)/H?, (17)
it follows that ~
Re(Ly(0)) = po[4(si + s3)/h* 1. (18)

Clearly |L,(8)| is small only in the region of (8,,6,) = (0,0) and hence L, has a good h-ellipticity
measure and the discretization is discretely elliptic.

SMOOTHING ANALYSIS

In this section we use local mode analysis (introduced by Brandt®) to examine the SIMPLE
pressure-correction algorithm from the point of view of its smoothing ability. The reduction of
high-frequency error components is a local process dependent principally on the local difference
star. Thus the analysis of this reduction need not take account of distant boundaries or varying
difference stars.

One therefore considers a sequence of Toeplitz problems obtained by defining local difference
stars over infinite grids (see Shaw®). For each problem one may determine the amplification factor
4#(8) which is the symbol (or discrete Fourier transform) of the relevant iteration matrix. The
‘smoothing factor’ i is defined by

ji= sup|u(@)], (19)
fest
where # denotes the range of high-frequency 0 values.

This smoothing factor is a measure of the worst high-frequency error reduction. The smoothing
factor of the variable-coefficient problem is then defined to be the worst of these local smoothing
factors. Although the arguments for this definition are somewhat vague, it is in practice a very
accurate measure of the ability of a relaxation method to damp high-frequency error components.
The smoothing factor may therefore be used to optimize the efficiency of a particular method or to
choose between different methods.

In the case of systems of partial differential equations, 1(0) is a square matrix of order equal to the
number of equations in the system. The definition of the smoothing factor remains the same with
| 11(0)| replaced by p(u(0)) (see Shaw®).

If the operator is non-linear, then ji is defined to be the worst smoothing factor of the linearized
problem (about any approximate solutions which may be encountered in the solution process).

Local mode analysis

Consider an arbitrary local section of the mesh with velocity and pressure distributions as
shown in Figure 1.
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Assume that at the start of the iteration the errors in u,v, p are given by

v eg

1= |es
7

ef e

and that the 8 =(8,,8,) components of the errors are defined by

€y op
ey | = | ap | exp(i0-x/h)
ep ap

where 8-x/h = (08, x + 8, y)/h.
After the first stage of SIMPLE (momentum relaxations) the error amplitudes have become

es] [o
éh ) = |ap | exp(i0-x/h).
AR

and after the second stage (pressure correction)

€o g
éyl = |ag | exp(i0-x/h).
éy ag

Our aim is to find the amplification matrix A which is defined by

iy E3 o
G| =A |ag| =AsA, |5,
u P 14 p
Oy 1 %9 &y

where A, and A, are amplification matrices for stages 1 and 2 respectively. The smoothing factor
will then be given by

ji= sup [p(A)]. (20)

et

In the case of convection-dominated flows the definition

fi=  sup  [p(A)] o2y

ol € Livol < 1,0e5¢

may be more relevant, where ug, v, are the frozen velocities used to linearize the problem. In this
case g, v, are constrained in order to maintain the relevant Reynolds number.

Momentum relaxation
The u-momentum equation of (10) may be written
Aptp = AUy + AUy + aguy + agis — (Pp — pwl/h + po(on — Onw + Ow — Dp)/h, (22)

where the coefficients a}, etc. are defined by equations (7) and (8) of Sivaloganathan and Shaw? and
contain details of viscous terms. In any case except Re = 0 they also contain details of convective
terms, based on frozen velocities u,,v,. We wish to analyse the effectiveness of alternating line
successive over-relaxation (SOR) as a smoother applied to equation (22).
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Consider firstly x-line SOR. This is developed by writing
apllp = ApUp + Fom (AW iy + Al + auy + agtls — apup)
+ Tmom Lo {(On — Onw + vw — Dp)/h% — (pp — pw)/h ], (23)

where variables with the tilde above are either updated simultaneously or are already updated due
to the marching direction. The parameter r,,,, is the relaxation factor used for the momentum
equations. Since the true solution satisfies (23), the equation may be written in terms of errors:

ap€p = Apep + Foom (A% B + AL 8L + ajel + adél — ajep)
+ Fmom [Ho(eX — eXw + €% — ep)/h* — (e} — ef)/h]. (24)
Then, substituting for the 8 components of &% and so forth, we obtain
T4{ab — Prmorm[ak exp (i) + %y exp(—i0,) + afexp(—i0,)]}

. 4r om 27 oml
=ah{ap + rpom LAk exp(i6,) — ai ] —°—“0a"s 5y — o
P o P 2 95152

ogs,. (25)
In the next stage (y-line SOR) we have
d:; {(Z; — Tmom [df{l exXp (192} + a?&' €Xp (_ I91 ) + ag exp(— 192)]}

3 4rm0m 2rmom1
= T{ah + o[ 0xP (10,) — 5]} — =350 gs, 55 — 5 s, (26)
So for the total alternating sweep we have
) 1
dp = ——[viviag — (% + vi)(eas + (*af)], 27)
xly
where
4rmo ” u 2’rmomi
(P'———Erz"rliSlSz, = h S1,

M = 8 — o[ €xD (10,) + ah exp (— 16,) + atexp (— i6,)],
Ny =ap — Fmom AN €XP (10,) + ay exp (—16,) + agexp (—i6,)],
Vi=0p + Inemlaexp (i8;) — ag],
vy =ap+ rmpmlagexp(i8,) —ap].

The v-momentum relaxation follows along similar lines and leads to the amplification

. 1 cu | po
= s D% = (o + )], (28)
xfly
where
27 moml
Cv— h SZ’

N3 = ap = F'mom [ag xp (i6,) + aw exp (—16,) + agexp (—10,)],
My = @p = Fmom AR €Xp (16,) + aw exp (—16,) + agexp (—16,)],
Vi =0p + Fmomax exp (10,) — ap ],

V= b+ Famlah exp (i0,) — ap].
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Thus the first stage of the SIMPLE pressure-correction algorithm amplifies the @ error

components as follows:

¢

u

1 0 0 dy o et U P 9 SRRl (e SR il K7
’ o R T y Lt T
¢ .
L ey 1o lay] = Yoy A I
o Y T — o) | | @)
0 1 7P il Y
0 %1 o 0 1 oF

From equation (29) the amplification matrix A, of the momentum relaxation stage of the
SIMPLE algorithm is easily calculated. As an alternative—at high Reynolds numbers—an
alternating symmetric line SOR method could be used. This would ensure that at some stage during
the momentum relaxation the equations are being swept in a downstream direction, which may be
beneficial to the smoothing rate. The calculation of the relevant amplification matrix A, in this case
is straightforward, following exactly the same principles outlined above.

Pressure correction

With reference to Figure 1, the pressure correction proceeds as follows:

v o« ruv

iy =y~ (0P — O (30
B = Bp — " (3pp — Op5) 31
p = Up ash Dp Ps ) (31)
Pe=Dpp+ rpapp’ (32)

wherer,, and r, are relaxation parameters for updating velocities and pressure respectively. dpis an
approximation to the solution of an equation

. 1
apopp = akopy + afdps + af dpg + afyopy — ﬁ(uE — Up + Uy — Dp), (33)
J 1 — qP 4 1 4 P 4
aN—W—aS, aE:Eh_Z:aW’ angaa,
o ranging over N, S, E, W points.
Writing equation (33) as
P, dp, = 0pu, + 010, 34)
(30)-(32) as
iy =ty — 2530, (35)
ap
By =0y, — 40P, (36)
dp
Pn="Pr+1,0p,4 (37)
and substituting (34) into (35)—(37), we have
iy = thy — 2 SF Py (O + 1), (38)
P
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By = 0y — L Py (05 + O3, (39)
14
By= Py + 1, Py 1 (0%t + 3304) (40)

(assuming that (34) has been solved exactly). The true solution clearly satisfies relations such as
(38)—(40) and so the errors may be written as

Su su ruv xXp— x pu U

eh=eh_;;’5hph 1O+ 0%én), (41)
P

éy=2¢ —fféﬁp{ Y(Or el + ohén), (42)
P

éf=2¢él+r, Py Loger + o1éd). 43)

Substituting Fourier components as before, we obtain

e N ar,,s7 4r,.5,5; [
¢ aiB,O1  aiP,@)h %o
p 4rau5152 47'““5%
v = A — 7 44
Sl B X e XV “
2r s 2r s
&8 PoL P2 &b
| ] hP,(6) hP, () J L7

where 13,,(0) is the symbol of P,:
ﬁh(()) =alexp(if,) + alexp(—10,) + afexp(if,) + afexp(—16,) —af.

Thus the amplification matrix A, of the pressure-correction stage of the SIMPLE algorithm is
defined by (44).

Smoothing factors

The smoothing factor of the SIMPLE algorithm is calculated as follows. The amplification
matrix A =A,A, is easily calculated from equations (29) and (44). A is a 3 x 3 complex
non-Hermitian matrix. Its amplification factor u(8) = p(A) is found using a NAG routine for
the eigenvalues of a general matrix. The smoothing factor defined by equation (20) is then found
by embedding the calculation of u(8) in a NAG routine for linearly constrained minimization.
The definition of ji for highly convective flow given in equation (21) was found to be too costly
to evaluate. As an alternative we define the smoothing factor to be

ji= max {Sup [p(A)]}, (45)
(g vo)e? { ge

where % = {(0,1), (1,1), (1,0), (1, =1), (0,—1), (—=1,—1), (=1,0), (=1, 1)} is a set of flow

directions of interest.

Smoothing factors are presented in graphical format in Figures 2-12. Two different styles of
presentation are employed. Figures 2-6 show contours and isometric plots of the amplification
factors at various mesh Reynolds numbers and flow directions. The contour k gives a value
14(8) = k/10. A good smoother should have a small amplification factor in the high-frequency
region of the 0 plane: (0,,0,)e# = [ — n,7]*/(— /2, 7/2)*
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Figure 2. Amplification factor at mesh Reynolds number 1
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Figure 3. Amplification factor at mesh Reynolds number 100; (14,0,) = (0, 1)



452 G. J. SHAW AND S. SIVALOGANATHAN

n/2

7
-n/2 -

-

-m -n/2 0 n/2 n

Figure 4. Amplification factor at mesh Reynolds number 100; (uy, v,) = (1, 1)



SMOOTHING PROPERTIES OF THE SIMPLE PRESSURE-CORRECTION ALGORITHM 453

8,

n 2 216 s a7 2
/2 1

0 0

-n/2 +

-n -n/2 0 n/2 n O

Figure 5. Amplification factor at mesh Reynolds number 100; (ug, vo) =(1,0)
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Figure 6. Amplification factor at mesh Reynolds number 100; (up,v) =(1, — 1)
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SMOOTHING FACTORS FOR MESH RE = 0.0

0. 603

0. 604

0. 604

0. 603

Figure 7. fi for velocities in % at Re=1

SMOOTHING FACTORS FOR MESH RE = 1.5
0. 639

0. 659

0. 659

0. 639

Figure 8. i for velocities in % at Re = 100
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SMOOTHING FACTORS FOR MESH RE = 6.1

0.774

0. 737

0. 774

0.737

Figure 9. ji for velocities in % at Re =400

SMOOTHING FACTORS FOR MESH RE

0. 935

15. 2

0. 927

0. 935

0. 927

Figure 10. j for velocities in % at Re = 1000
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0.918

0. 943

Figure 11. j for velocities in % at Re = 5000
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0. 996

0. 995

SMOOTHING FACTORS FOR MESH RE = 151.5

0. 839

0. 995

0. 851

0.996
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Figure 12. f for velocities in % at Re = 10000
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Figures 7-12 show /i as defined by equation (20) for the flow directions in the set %. The
Reynolds numbers tested are those used in Sivaloganathan and Shaw.' In the next section these
factors will be compared with experimental convergence results. Each arrow points in the relevant
direction in (uy,v,) space. The length of the arrow in that flow direction is proportional to g
for that velocity. Desirable features of ji are that it should be bounded reasonably below unity
and that it should be fairly independent of flow direction.

The relaxation factors ¥ = {F'pom "u» ¥, ) Used in Figures 2-6 are given in Table I together
with the smoothing factors obtained. In these cases the analysis assumes that alternating
symmetric line SOR has been used for the momentum equations. Table II gives similar results
for Figures 7-12, listing the minimum and maximum values of i obtained over all flow
directions in %. These results are for unsymmetric alternating SOR in correspondence with
the practical experiments.

Figure 2 shows the amplification factor at mesh Reynolds number 1 for a flow direction
(4o, v9) = (0,1). The smoothing factor in this case is g =0-619. At such a low mesh Reynolds
number the amplification factor is independent of flow direction. Clearly SIMPLE is a satisfactory
smoother for diffusion-dominated flows.

In Figures 3-6 the same information is depicted for convection-dominated flow at mesh
Reynolds number 100. The flow direction for each figure is (0,1), (1,1), (1,0) and (1, —1)
respectively. Owing to symmetry of the amplification factor, the contours for all other members
of % are identical to one of these. The discrete ellipticity analysis showed that the imaginary
part of the symbol of the discrete operator becomes zero along lines in the 8 plane which are
perpendicular to the flow direction. Discrete ellipticity is most nearly lost along such lines. As
suggested, this has a marked effect on the amplification factor at high mesh Reynolds numbers.
This is illustrated admirably in Figures 3—6. In Figure 3the amplification is clearly largest along
the line 8, =0, which is perpendicular to the flow direction u, = 0. In Figure 4 this maximum

Table 1. Relaxation factors and
smoothing (factors for Figures 2-6).
In all cases r,, =1 =7,

Figure ¥ mom I
2 042 0619
3 0-15 0-993
4 0-15 0-839
5 015 0993
6 015 0-845

Table TI. Relaxation factors and smoothing
(factors for Figures 7-12). In all cases r,,=1=r,

Figure F'mom :amin ﬁrnax
7 0-50 0-603 0-604

8 0-45 0-630 0-664

9 0-40 0-592 0774

10 025 0-720 0-935
11 015 0-839 0-992
12 015 0-839 0-996
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has moved to the line 6, = —8,, in Figure 5 to 6, =0 and in Figure 6 to 6, = 0,. In all cases
it is perpendicular to the flow direction. These poor smoothing rates at high mesh Reynolds
numbers along such lines in the @ plane are a feature of the discretization— which nearly loses
ellipticity—rather than the SIMPLE algorithm. Any algorithm applied to the discretization (10)
will yield poor smoothing rates along these lines. Furthermore, a more suitable discretization
is not available without the use of extra stabilizing terms (artificial viscosity). However,
some improvement in smoothing factors may be obtained by judicious choice of the relaxation
factor r.

Figures 7-12 show smoothing factors for the set of velocities (uq, vo)e# as described above.
The Reynolds numbers for these figures are 1, 100, 400, 1000, 5000 and 10000 respectively. These
and the mesh length h=1/66 are chosen in accordance with the practical experiments of
Sivaloganathan and Shaw.! The corresponding mesh Reynolds number appears at the top of
each figure. As can be seen from Figures 7 and 8, the SIMPLE algorithm is a good smoother
up to Re =100, with j ranging from 0-604 to 0-664 and little variation due to flow direction.
For these cases the mesh Reynolds number is less than 2 and hence from equations (7) and (8)
of Sivaloganathan and Shaw' we see that the upwind differencing has not come into effect. At
Re =400 the influence of the flow direction begins to show, but the algorithm is still a good
smoother with g =0774. From Re=1000 to Re= 10000 the flow direction bcomes more
important still and the smoothing rates are poorer, albeit principally along particular lines in
the 0 plane. These rates may be improved by the choice of r. In considering smoothing analysis
at high Reynolds numbers it should be remembered that the linearization made in the analysis
is less valid than for diffusion-dominated fiow. The main aim of such an analysis should therefore
be to show that a method behaves well for moderate Reynolds number. It is clear that SIMPLE
satisfies this criterion.

A COMPARISON OF THEORETICAL AND PRACTICAL
SMOOTHNG ANALYSIS

As mentioned at the end of the previous section, some doubt exists as to the validity of the
theoretical smoothing analysis in the case of convection-dominated flow. This is principally due
to the linearization, which assumes a constant velocity field when evaluating non-linear terms
in equations (1). In practice these velocities are locally variable and dependent on the current
solution.

Given a multigrid method for solution of the problem under consideration, a practical
smoothing analysis may be made in order to test the validity of the theoretical analysis. This is
possible since the theoretical smoothing factor is defined to be the asymptotic convergence rate
of each smoothing iteration in a two-grid multigrid method with a perfect coarse grid correction;
i.e., a coarse grid correction which annihilates all error components in the low’-frequency range
0c ¥ =(—n/2,n/2)>. For more details of this interpretation of the smoothing factor
see Stiiben and Trottenberg.'®

It is not difficult to simulate this type of method in practice. A multigrid method is used to solve
the problem on a finest grid denoted by Q,,. Progressively coarser grids Q,, k=m — 1(— 1)1 are
defined in a natural manner. The multigrid method used has v, pre-relaxations, v, post-
relaxations and y, coarse grid corrections on each grid Q, -y, is chosen to be 1, as in a conventional
multigrid method (where y=1 or y=2 are the usual choices). y,,, is chosen to be much
larger, so that the coarse grid correction for Q,, is solved almost exactly. On coarser grids
7 =1, k=m—2(—1)1 is a reasonable definition. This method simulates the situation described
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Table III. Theoretical and practical smoothing

factors

ReynOIdS ﬁmin ﬁmax :ap
1 0-603 0-604 0478
100 0630 0-664 0-558
400 0-592 0774 0-588
1000 0-720 0-935 0725
5000 0-839 0992 0-840
10000 0-839 0996 0910

SMOOTHING RATE

0.3 § ——————PRACTICAL RATE

0.2+ — — — — LOWER BOUND ON THEORETICAL RATE

0.1 + — - —— UPPER BOUND ON THEORETICAL RATE

0 100 400 1000 5000 10000
REYNOLDS NUMBER

Figure 13. Comparison of theoretical and practical smoothing rates

above. The practical smoothing factor f, is therefore defined by

iy =(Km )1/(v1+vz)’ (46)
P g

where K, is the asymptotic convergence rate of the multigrid method described above. If the
theoretical analysis is valid, & and ji, will be in close agreement.

Table 11 gives values of j, for the experiments described in Sivaloganathan and Shaw' together
with minimum and maximum theoretical smoothing rates over velocity fields in %. These three
rates are also depicted in Figure 13. It is clear that the minimum theoretical smothing rate
accurately models the practical behaviour of SIMPLE as a smoothing method, even for high
Reynolds numbers. Note from Figures 9-12 that .., always occurs for velocity fields aligned with
grid lines. For practical flows in which there is no persistent alignment between streamlines and
grid lines one would therefore expect the method to behave as predicted by fi,,;,. This indeed seems
to be the case for the present recirculating flow problem—shear-driven cavity. However, even in
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cases of strong alignment ., is expected to be a pessimistic prediction of the practical smoothing
rate.

Figure 13 also demonstrates the divergence of the two theoretical rates which occurs at the onset
of upwinding—-at mesh Reynolds number 2, corresponding to Reynolds number 132.

CONCLUSIONS

A theoretical analysis of the smoothing capabilities of the SIMPLE pressure correction has been
presented. This analysis has shown that h-independent convergence rates are attainable by a
multigrid method for solution of the incompressible Navier—Stokes equations. Such convergence
rates have already been achieved in practice.

The analysis has been compared with the practical behaviour of the method and found to be an
accurate predictor of convergence rates.

The potential for improvement of the existing method by further analysis of the theoretical
results is enormous. For example, optimization of the smoothing rate with respect to the relaxation
parameters is one possible avenue. The analysis presented also permits a critical evaluation of
candidate smoothers, since it is readily adapted for application to modified pressure-correction
schemes such as SIMPLER and SIMPLEST.
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